We present a system exhibiting giant proximity effects which parallel observations in superfluid helium [1] and give a theoretical explanation of these phenomena based on the mesoscopic picture of phase coexistence in finite systems. Our theory is confirmed by MC simulation studies. Our work demonstrates that such action-at-a-distance can occur in classical systems involving simple or complex fluids, such as colloid-polymer mixtures, or ferromagnets. Can correlation effects in a fluid confined in big but finite compartments linked by small openings, such as shallow channels, occur over distances much larger than the bulk correlation length? Recently, Gasparini and co-workers [1, 2] have demonstrated such rather striking "action-at-a-distance" effects in a two-dimensional array of microscopic boxes filled with superfluid 4 He and linked by either channels or a uniform film. The measurements of several responses show that under certain conditions these boxes can be strongly coupled to the neighboring ones. What seems to be crucial in this work is the size of boxes and connectors and the vicinity of the critical point [3] . Perron et al [3] suggested that action-at-a-distance effects might be a more general feature of systems with phase transitions than is usually supposed, a view which we confirm in this work for uniaxial classical ferromagnets and their analogs (simple fluids or binary mixtures in the lattice gas approximation, all belonging to the Ising model universality class of critical phenomena).
Can correlation effects in a fluid confined in big but finite compartments linked by small openings, such as shallow channels, occur over distances much larger than the bulk correlation length? Recently, Gasparini and co-workers [1, 2] have demonstrated such rather striking "action-at-a-distance" effects in a two-dimensional array of microscopic boxes filled with superfluid 4 He and linked by either channels or a uniform film. The measurements of several responses show that under certain conditions these boxes can be strongly coupled to the neighboring ones. What seems to be crucial in this work is the size of boxes and connectors and the vicinity of the critical point [3] . Perron et al [3] suggested that action-at-a-distance effects might be a more general feature of systems with phase transitions than is usually supposed, a view which we confirm in this work for uniaxial classical ferromagnets and their analogs (simple fluids or binary mixtures in the lattice gas approximation, all belonging to the Ising model universality class of critical phenomena).
In the lattice gas picture the space occupied by the system is divided into boxes, either vacant or containing a single molecule, unit maximal occupation is achieved by a judicious choice of the box size. The state of a box at position i with integer coordinates is labeled by a spin variable σ i = ±1. In the absence of bulk ordering field, a configuration {σ} of such (classical) spins has an energy
The sum ij is taken over all nearest-neighbor pairs ij of spins and J is the coupling constant. Since the spins are assumed to be in thermal equilibrium with a bath at temperature T , the probability of any spin configuration {σ} is given by p({σ}) = Z −1 exp(−βE({σ})), where β = 1/k B T (k B is the Boltzmann constant), and Z is the normalization. The Helmholtz free energy from the formula
it is known that such systems undergo phase transition to a low-temperature, magnetically ordered (dense) state [4] . For the square lattice, the critical value of K = Jβ is given by K c = (1/2) ln(1 + √ 2) ≈ 0.440687 [4] . When d = 3, various estimations are available [5] ;
Thus a 3d lattice orders more easily (higher critical temperature); this is a compatible with Griffiths' correlation inequalities [6] . Although an infinite system size is mandatory for a sharp transition [4] , Fisher and Privman [7] gave a simple physical picture, denoted FP, of great elegance, which captures the effect of finite size in a predictive way. Let us see how it works for a strip geometry in d = 2 below the bulk critical temperature T c . If we sum out fluctuations up to a certain length scale, a process often called coarsegraining and take as a scale the bulk correlation length, then a typical configuration in a strip is one with regions of alternating (+) and (−) magnetization, with a magnitude roughly the spontaneous magnetization m, sepa-rated by domain walls (Fig. 1) . The statistical weight of such a domain wall is taken to bew = exp(−M τ ), where M is the width of the strip and τ is the reduced (by a factor of k B T ) interfacial tension or a domain wall free energy. The configurational entropy is estimated by treating the domain walls as point particles on the line which are strictly avoiding. Using this simple picture, we can calculate exactly the pair correlation function G(x) of two spins in the same edge of a strip separated by a distance x (we use throughout a lattice constant as a length unit):
(2) The first term inside square brackets is the weight from configurations with an even number of domain walls between the spins; evidently in this case the spins must be parallel. The second term considers an odd number of such domain walls and is thus the contribution from anti-parallel spins. Equation (2) should be complemented with the prefactor m e (M ), which becomes the edge magnetization as M → ∞ [8] . Its value is a manifestation of fluctuations on the scale of the bulk correlation length ξ b and thus is not accessible in FP. For sufficiently wide strips and fixed temperature below (2) can be simplified to give a pure exponential decay:
It is noteworthy that in the FP picture the decay length of correlation function G(x) diverges exponentially with M . We now compare this prediction with the result of exact calculation for the full Ising strip [9] . We find agreement in the asymptotic behavior of G(x) providedw in eq. (3) is replaced by w = (sinh 2K) −1 sinh(τ )e −Mτ . This is easy to understand if we note that the simple Helmholtz fluctuation estimate expressed byw must be modified to include the point tension (a 2d analogue of line tension) and this we calculate exactly [11] in confirmation. In the exact result of Ref. [9] , there is an additional contribution to G(x) due to fluctuations on the scale of the bulk correlation length ξ b . Because in 2d Ising model ξ b = 1/τ , this contribution is relatively negligible provided w ≪ τ . This gives us a criterion for the validity of our theory which confirms naïve expectations. Stated another way, the recapture of long range order is achieved not through bulk correlation length related phenomena, but rather by the emergence of a new length scale which diverges exponentially fast as M → ∞, as exp(M τ ).
We now apply the FP idea with improved statistical weight w of the domain wall, which we term enhanced Fisher-Privman theory (EFP) [10] , to the scheme , the picture which emerges is one with a sequence of domain walls crossing the strip, but none inside the boxes, because they would be of the size L 0 × L 0 and controlled by a higher surface tension, thus negligible. Because
)/2 and boxes are large, we expect that the state of each box is either magnetized up or down and assignment can be described on this level of coarse graining by a variable S j = ±1 for each box, j = 1, 2. The Boltzmann factor for a given assignment in place of argument of the S j is thus
where Z o (resp. Z e ) is the partition function for an odd (resp.even) number of domain walls and the interaction constant K 1 is given by
We can assemble such bonds, assumed mutually independent, and boxes to make up a "network" lattice. For an analogous set up to that of Gasparini and coworkers we take a two dimensional array as illustrated in Fig. 2 . The intriguing possibility is that K 1 could satisfy
by, e.g., adjusting the width or length of the strip at a fixed temperature T < T c (d = 2). Solving above with
. With L < L c (M, τ ), the system is subcritical and hence ordered. Because w is small, this implies that 2L c w = ln(1 + √ 2); thus L c diverges as exp(M τ ). In the EFP (contrary to FP), this result scales near the 2d critical point. Using scaling variables L c τ and M τ we obtain for the network critical point L c τ e −Mτ = 2 Fig. 3(a) displays an interesting feature: for sufficiently wide strips, the critical value L c of strip length is a non-monotonic function of temperature. This offers a possibility to tune the collective behavior of boxes by varying the temperature. If the size of connecting strips is suitable chosen, the initially correlated boxes become uncorrelated upon increasing T but then correlated again sufficiently close to T c (d = 2).
We have tested the application of EFP theory by MC simulation. The averaging has been performed over 10 4 − 10 5 of Monte Carlo steps. Each hybrid MC step consists of a flip of Wolff cluster and application of Metropolis updates to a randomly chosen quarter of all spins in the system [12] . For a 1d array of 2d Ising boxes and strips we observe (results are not presented here) that the pair correlation function below T c (d = 2) has plateaux, which confirms our expectation that boxes are ordered. As predicted, these plateaux values approach zero following the Ising correlation function law 
where m is the (spontaneous) magnetization in the box. We have also performed MC simulation of a 2d array of squares. We find that, below certain temperature, the pair correlation function G(x) along the line connecting centers of squares via the channels (red line in Fig. 2) does not decay to zero. This is a clear manifestation of the existence of order in the network. For example, the system for which the MC data are shown in Fig 4, undergoes the (rounded in the finite system) ordering transition at K ≈ 0.55, which agrees perfectly with the prediction from the EFP theory. This transition lies below the critical point of the 2d Ising model, as implied by Griffiths inequalities; this is because such a lattice has been perforated to arrive at the network model. It will be accompa-nied by a divergent susceptibility; in the MC simulation data shown in Fig 4(b) one can see a peak located at K m ≃ 0.55. The ghost of the rounded phase transition in the connecting strips appears as a shoulder (red dot in Fig. 4(b) ). This is analogous to the findings reported in [2] and in [13] . Our EFP arguments also apply to boxes connected by rods. But in this case there are no exact results available for the quantity w. We must resort to simulation for its evaluation, as will be detailed elsewhere [14] . The long-ranged coupling between boxes should occur, much as in the results reported above. To confirm this anticipation, we have performed MC simulation of the two-dimensional array of N 0 × N 0 cubes of size L 3 0 connected by channels of the length L and cross-section W ×W (the top view of this system is shown in Fig. 2(a) ). The magnetic susceptibility χ of such a system as function of K displays features similar to these of the 2d array of squares connected by strips. We observe, as expected, that the only effect of the system size N 0 on χ is to increase the height of the peak at the ordering transition point. The cube size L 0 affects the shoulder of the curve which is the remnant of the 3d bulk transition, but does not change the location of the peak. The location of the ordering transition point is determined entirely by the channel geometry L and W , see Fig. 5(a),(b) .
We have introduced in this work a theory supporting the intriguing suggestion by Perron et al [1] that the action at a distance effect which they observed experimentally in superfluid 4 He might be a widespread consequence of phase transitions and critical phenomena. Our theory, which applies to classical lattice gases and their analogues, has a key ingredient: the Fisher-Privman theory of finite size effects in first order phase transitions [7] . In the network Ising model constructed from the 2d array of boxes and connecting strips, we see that the parameters can be tuned to produce long-range order, in itself not perhaps surprising, but with extraordinarily long connecting links; this diverges exponentially with system width, on a scale of the inverse surface tension. Thus, ordering between boxes is feasible over length scales of many thousands of molecular diameters.
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